THE MODULAR HEIGHT OF AN ABELIAN VARIETY 
AND ITS FINITENESS PROPERTY 



ATSUSHI MORIWAKI 

Abstract. In this note, we propose the modular height of an abelian variety defined over 
a field of finite type over Q. Moreover, we prove its finiteness property. 



Introduction 

In the first proof of Mordell conjecture due to Faltings, the modular height of an abelian 
variety plays a crucial role. Especially, the finiteness property of the modular height is one 
of core parts for its proof. Almost every results over a number field (i.e., Tate conjecture, 
Shafarevich conjecture, Mordell conjecture and etc) has been generalized to a field of finite 
type over Q. In this note, we propose the modular height of an abelian variety in general 
and prove its finiteness property. 

Let K be a field of finite type over Q. According to the paper [7j, we need to fix a 
polarization of K in order to proceed with a theory of height functions over K, where a 
polarization of K is a pair (B; Hi, . . . , Hd) of a normal and integral projective scheme B 
over Z and a sequence of nef C°°-hermitian line bundles Hi, . . . , Hd on B with the local ring 
of B at the generic point isomorphic to K. Here we assume that B is generically smooth, 
i.e., B x z Spec(Q) — > Spec(Q) is smooth. 

Let A be an abelian variety over K . Then, using a Neron model of A over B in codimension 
one, we can introduce the Hodge sheaf X(A/K; B) of A which is a reflexive sheaf of rank 
one on B. Moreover, we can give a locally integrable hermitian metric || • ||pai of X(A/K; B) 
arising from the Faltings' metric of the good reduction part of the Neron model of A. Then, 

ci(X(A/K;B),\\-\\ Fal ) 

can be represented by a pair of a Weil divisor and a locally integrable function. Thus, we 
can define the modular height of A by the following formula: 

h(A) = dei (ci(Hi) ■ ■■c 1 (H d ) ■ ci(X(A/K; B), || ■ || Fal )) . 
The main purpose of this note is to prove the following result (cf. Theorem 16. 

If Hi, . . . , Hd are big, then, for a fixed real number c, the set of isomorphism 
classes of abelian varieties A over K with h(A) < c is finite. 

Moret-Bailly [H] proved the geometric version of the above result using geometric intersection 
theory instead of Arakelov geometry. In this sense, the above is an arithmetic generalization 
of his result. 
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1. Preliminaries 

1.1. Locally integrable hermitian metric. Let M be a complex manifold and L a line 
bundle on M. Let || • || be a hermitian metric of L, that is, a collection of hermitian metrics 
of the stalks L x at all x G X. We say || • || is a locally integrable hermitian metric (or 
L\ oc -hermitian metric) if, for each x G M and a local basis u x around x, log||a> x || is locally 
integrable around x. In other words, if || ■ ||o is a C°°-hermitian metric of L, then log ( 1 1 • ||/|| ■ ||o) 
is a locally integrable function on M. 

Lemma 1.1.1. Let M be a complex manifold and (L, || ■ ||) a hermitian line bundle on M. 
Let s be a non-zero meromorphic section of L over M. Then, the hermitian metric \\ ■ \\ is 
locally integrable if and only if so is log ||s|| . 

Proof. Let || • ||o be a C°°-hermitian metric of L. Then, 

log = log(|| • ll/H • || )+ log ||s|| . 

Note that log ||s||o is locally integrable. Thus, log ||s|| is locally integrable if and only if so is 

Mil • 11/11 • Ho). □ 

Lemma 1.1.2. Let f : Y — > X be a surjective, proper and generically finite morphism of 
non-singular varieties over C. Let (L, || • ||) be a hermitian line bundle on X . Assume that 
there are a non-empty Zariski open set U of X and a hermitian line bundle (L f , \\ ■ \\') on Y 
such that (L', \\ ■ ||') is isometric to f*(L, \\ ■ ||) over f~ x (U). If \\ • \\' is locally integrable, then 
so is || • || . 

Proof. Shrinking U if necessarily, we may assume that / is etale over U. We set V = 
f~ l (U). Let s be a non-zero rational section of L. Note that there is a divisor DonY such 
that V = f*(L)®0 Y {D) and Supp(L>) C Y\V. Thus, f*(s) gives rise to a rational section s' 
of L'. Then, log \\s'\\' is locally integrable by Lemma H.l.ll Since /*(log llslDly = log Hs'H'ly, 
we can see that /*(log||s||) is locally integrable. Let [/*(log ||s||)] be a current associated 
to the locally integrable function /*(log ||s||). Then, jH Proposition 1.2.5], there is a locally 
integrable function g on X with /*[/*( log ||s||)] = [g]. Since / is etale over U, we can easily 
see that 

(/lv).I(/lv)*(log|l*IIW]=deg(/)[log||a||y. 
Thus, g = deg(/) log ||s|| almost everywhere over U. Therefore, so is over X because U is a 
non-empty Zariski open set of X. Hence, log ||s|| is locally integrable on X. □ 

1.2. Hermitian metric with logarithmic singularities. Let X be a normal variety over 
C and Y a proper closed subscheme of X. Let (L, || • ||) be a hermitian line bundle on X. 
We say (L, || • ||) is a C°° -hermitian line bundle with logarithmic singularities along Y if the 
following conditions are satisfied: 

(1) || ■ || is C°° over X\Y. 

(2) Let || • 1 1 o be a C°°-hermitian metric of L. For each x G Y, let fx, . . . , f m be a system of 
local equations of Y around x, i.e., Y is given by {z G X \ fi(z) = ■ ■ ■ = f m (z) = 0} 
around x. Then, there are positive constants C and r such that 

max 1 77 — J-, -I — 77^ 1 < C 
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around x. 

Note that the above definition does not depend on the choice of the system of local equations 
fi, . . . , f m . Moreover, it is easy to see that if (L, || • ||) is a C^-hermitian line bundle with 
logarithmic singularities along Y, then || • || is locally integrable. 

Lemma 1.2.1. Let n : X' — ► X be a proper morphism of normal varieties over C and Y a 
proper closed subscheme of X . Let (L, || • ||) be a hermitian line bundle on X such that \\ ■ \\ 
is C°° over X \ Y . Ifir(X') $Z Y and (L, || • ||) has logarithmic singularities along Y, then so 
does 7r*(L, || ■ ||) along 7r _1 (y). Moreover, if it is surjective and tt*(L, || ■ ||) has logarithmic 
singularities along 7T~ l (Y), then so does (L, \\ ■ ||) along Y . 

Proof. Let {fi, . . . , f m } be a system of local equations of Y. Then, {n*(fi), . . . , vr*(/ m )} 
is a system of local equation of 7r _1 (y). Thus, our assertion is obvious. □ 

1.3. Faltings' metric. Let X be a normal variety over C. Let / : A — > X be a g-dimensional 
semi-abelian scheme over X. We assume that there is a non-empty Zariski open set U of X 
such that / is an abelian scheme over U. Let Xa/x be the Hodge line bundle of A —>■ X, i.e., 



where e : X — > A is the identity of the semi-abelian scheme A — > X. At each x 6 U, we can 
give a hermitian metric of (Xa/x)x m the following way: For a G /\ 9 H°(Qa x ), 



Then, a collection of metrics {|| • Hxj-xet/ gives rise to a C°°-hermitian metrics || • ||Fai of 
Xa/x\jj- Moreover, it is well-known that || • ||F a i extends to a C°°-hermitian metric of \a/x 
with logarithmic singularities along X \ U (cf. [10, Theorem 3.2 in Expose I]). By abuse 
of notation, this extended metric is also denoted by || • || Fai and is called Faltings' metric of 
Xa/x- 

Lemma 1.3.1. Let X be a smooth variety over C and X a non-empty Zariski open set of 
X . Let A —>■ X Q be an abelian scheme over Xq. Let X be a line bundle on X such that X\ Xo 
gives rise to the Hodge line bundle Xa /x °f A) "~ > Xq. Then, Faltings' metric || • ||F a i of 
Xa /x over Xq extends to a locally integrable metric of X over X . 

Proof. By virtue of Lemma 11.5.21 (Gabber's lemma), there is a proper, surjective and 
generically finite morphism 7r : X' — > X of smooth varieties over C such that the abelian 
scheme A x Xo 7r~ 1 (X ) over 7r _1 (X ) extends to a semi-abelian scheme /' : A' — > X' . Let 
Xa'/x 1 be the Hodge line bundle of A' — > X' and || ■ || Fal Faltings' metric of Xa'/x'- Then, 
(X A >/x>, || • Ilki)|x' is isometric to K(^Ao/Xo, II • llFai), where X' = 7T _1 (X ) and tt = 7r| x ,. 
Therefore, by Lemma fl. 1.21 || • ||Fai extends to a locally integrable metric over X. □ 

1.4. Neron model. Let R be a discrete valuation ring and K the quotient field of R. Let 
A be an abelian variety over K. Then, there is a smooth group scheme A — > Spec(-R) of 
finite type over R with the following properties (cf. £Q): 

(1) The generic fiber of A — > Spec(-R) is A. 



Xa/x = det (e* (SXyx)) , 
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(2) Let X — ► Spec(-R) be a smooth scheme over R and X the generic fiber of X — > 
Spec(.R). Then, any morphism X —>■ A over K extends uniquely to a morphism 
X — > A over R. 

The smooth group scheme A — > Spec(i?) is called the Neron model of A over R. We would 
like to generalize it to a higher dimensional base scheme. 

Let B be an irreducible noetherian normal scheme and K the function field of B, i.e., the 
local ring at the generic point of B. Let A be an abelian variety over K. A smooth group 
scheme / : A — > B is called the Neron model of A over B if (1) / : A — > B is of finite type 
over £? and (2) for every point x G B of codimension one, *4.|s pe c(eu — > Spec(O x ) is the 
Neron model of A over Spec(O x ). Let — > £? a smooth scheme over I? and X the generic 
fiber of X —>■ B. Let <pK '■ X — > A be a morphism over Lf. If / : ^4 — > £? is the Neron model 
of A, then, by the property (2) and Weil's extension theorem (cf. |L, Theorem 1 in 4.4]), 
there is the unique extension (f) : X — > A of over 5. 

Proposition 1.4.1. Let £?, K and A be same as above. Then there is a non-empty big open 
set B' of B (i.e., codim(£? \ B') > 2) such that a Neron model of A over B' exists. This 
Neron model is called a Neron model of A over B in codimension one. 

Proof. First of all, we can take a non-empty Zariski open set Bq of B and an abelian 
scheme Aq — > Bq whose generic fiber is A. Let 

B \ B = £>i U D 2 U • • • U D n 

be the irreducible decomposition of B \ Bq. We assume that codim(Dj) = 1 for 1 < i < r 
and codim(Z)j) > 2 for r < j < n. Let X{ be the generic point of Di. For 1 < i < r, let 
Ai — > Spec(0 Xi ) be the Neron model of A over Spec(0 Xi ). Then, there are an open set £?; 
containing Xi and a smooth group scheme Ai — > as the extension of A^ — > Spec(O a:i ) such 
that is of finite type over B; t . Replacing B { by B- L \ (D 1 U ■ ■ ■ U D^i U D i+ i U • • ■ U D n ), 
we may assume that 

Bi n (Dt u • • • u A-i u A+i u • • • u D„) = 0. 

By j2J Lemma 3.3 in Chapter I] or Proposition 2.7 in Chapter 1], Aq — > Bq coincides 
with Ai Bi over Bo fl Bj. Moreover, Bi n C Bq for 1 < z ^ j < r. Therefore, if we set 
B' = Bq U Bi U • • • U B r , we have our desired smooth group scheme A — > B'. □ 

1.5. Semi-abelian reduction. Let B be an irreducible normal noetherian scheme and K 
the local ring at the generic point of B. Let A be an abelian variety over K. We say A 
has semi-abelian reduction over B in codimension one if there are a big open set B\ of B 
(i.e., codim(£? \ B') > 2) and a semi-abelian scheme ^4 — ► £?i such that the generic fiber of 
A -> 5i is A. 

Proposition 1.5.1. Let £?, Lf and A fee same as above. Let m be a positive integer which 
has a factorization m = m!m 2 with mi, m 2 > 3 and mi andm 2 relatively prime (for example 
m = 12 = 3-4). If A[m](K) C taen A aas semi-abelian reduction in codimension one 

over B. 
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Proof. Let i be a codimension one point of B. Then, there is m 8 which is not divisible 
by the characteristic of the residue field of Ob, x - Moreover, A[mi](K) C A(K). Thus, by 
expose 1, Corollaire 5.18], A has semi-abelian reduction at x. 

Let Bq be a non-empty Zariski open set of B such that we can take an abelian scheme 
Ao — > B whose generic fiber is A. Let 

B\B = D 1 UD 2 U---UD n 

be the irreducible decomposition of B\B . We assume that codim(Dj) = 1 for 1 < i < r and 
codim(Dj) > 2 for r < j < n. Let x^ be the generic point of Di. Then, for each i — 1, . . . , r, 
there are an open set Bi of B and a semi-abelian scheme Ai — > Bi with Xi G Bi. Shrinking 
Bi if necessarily, we may assume that Bi n Bj C _B for all 1 < z 7^ j < r. Thus, as in 
Proposition if we se ^ B' = Bq U B\ U ■ ■ • U B r , then we have our desired semi-abelian 

scheme A — > B'. □ 

Lemma 1.5.2 (Gabber's lemma). Let U be a dense Zariski open set of an integral, normal 
and excellent scheme S and A an abelian scheme over U. Then, there is a proper, surjective 
and generically finite morphism 71 : S' — > S of integral, normal and excellent schemes such 
that the abelian scheme A Xu over extends to an semi-abelian scheme over 

S' 

Proof. In JTOJ Theorem and Proposition 4.10 in Expose V], the existence of ir : 5" — >• S 
and the extension of the abelian scheme is proved under the assumption 71 : S' — > S is proper 
and surjective. Let S'^ be the generic fiber of ir. Let z be the closed point of S' v and Z the 
closure of z in S'. Moreover, let Si be the normalization of Z. Then, 7Ti : Si — > Z — > S is 
our desired morphism. □ 

1.6. The Hodge sheaf of an abelian variety. Let G — » 5 be a smooth group scheme 
over S. Then, t/ie Hodge line bundle Xq/s of G — > S 1 is given by 

A G/S = det (e* (Q G /s)), 

where e is the identity of the group scheme G — > 5. 

Let 5 be an irreducible and normal noetherian scheme. Let be the function field 
of B (i.e., the local ring at the generic point). Let A be an abelian variety over K. By 
Proposition 11.4.11 there is a big open set B' of B such that the Neron model A' B' ol A 
over B' exists. Let 1 : B' — > i? be the natural inclusion map. T7ie Bodge sheaf X(A/K; B) 
of A with respect to B is defined by 

A(A/K;5) = ^ (A^ /B ,). 

Note that \{A/K\ B) is a reflexive sheaf of rank one on B. 

From now on, we assume that the characteristic of K is zero. Let : A — > A' be an 
isogeny of abelian varieties over i^. Let A and ^4' be the Neron models in codimension one 
over B of A and A' respectively. Since there is an injective homomorphism 

0* : X(A'/K;B) -> \(A/K;B), 

we can find an effective Weil divisor such that 

Cl (A(A7#; B)) + D^ = ci(X(A/K; B)). 
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The ideal sheaf Ob^—D^) is denoted by 1$. 

Lemma 1.6.3. Let V : A' y -> A v be the dual of (f) : A — > A'. We assume that B = Spec(i?) 
for some discrete valuation ring R and that A and A' have semi-abelian reduction over R. 
Then, ■ X^v = deg(0)i?. 

Proof. Let R' be an extension of R such that R' is a complete discrete valuation ring 
and the residue field of R' is algebraically closed. Then, by [TUJ Expose VII, Theroem 2.1.1], 
(J • T^)R' = deg(0) J R / . Here R' is faithfully flat over R. Thus, 2^ • 2> = deg{<p)R. □ 



1.7. The moduli of abelian varieties. To prove the finiteness property of the modular 
height, it is very important to get a good compactification of the moduli space of abelian 
varieties. For simplicity, an abelian variety with a polarization of degree I 2 is called an 

I -polarized abelian variety. 

Theorem 1.7.1. Let g, I and m be positive integers with m > 3. Let A 9i / jmi Q be the moduli 
space of g-dimensional and l-polarized abelian varieties over Q with an m-level structure. 
Then, there exists (a) normal projective arithmetic varieties A* l m andY* (i.e., A* im andY* 
are normal and integral schemes flat and projective overT), (b) a surjective and generically 
finite morphism f : Y* — > A* lm , (c) a positive integer n, (d) a line bundle L on A* lm , and 
(e) a semi-abelian scheme G —>■ Y* with the following properties: 

(1) A 9i i )rrti Q is a Zariski open set of A* lm q = A* lm Xz Spec(Q) and L is very ample on 

A* 
g,i,m- 

(2) Let Xg/y* be the Hodge line bundle of the semi-abelian scheme G — > Y* . Then, 
f*(L) = X^ Yt on Y* = Y* x z Spec(Q). 

(3) Let Uq — > A S) j iTOi q be the universal g-dimensional and I -principally polarized abelian 
scheme with an m-level structure. Let Yq be the pull-back of A g j imt q by fq-Yq^ 
A*j^q, i.e., Yq = (fQ)~ 1 (A g j jmj Q) . Then, Gq — > Yq is an extension of the abelian 
scheme Uq XA 9imQ Yq ~ > Yq. {Note that G\y Q — > Yq is naturally a g-dimensional 
and l-polarized abelian scheme with an m-level structure.) 

(4) L has a metric ||-|| over A Sj / im> Q(C) such that f*((L, ||-||)) is isometric to (Xq/y*, \\ 4 || Fai) 
overYq(C) . Moreover, ||-|| has logarithmic singularities along A* t nj(C)\A ff( j )mj Q(C) . 

Proof. Let C/q — > A 9i / m Q be the universal Z-polarized abelian scheme with an m-level 
structure. By [TOJ Theoreme 2.2 in Expose IV], there are a normal projective variety A* J m Q, 
a positive integer n and a very ample line bundle Lq on A* { q with the following properties: 

(i) A 9 ,i, m ,Q is an Zariski open set of A* j m Q. 

(ii) By Gabber's lemma (cf. Lemma ll.5.2jl . there is a surjective and generically finite 
morphism hq : S'q — > A* J m Q of normal projective varieties over Q such that the 
abelian scheme C/q x As;m0 ^(A^^q) — > hq 1 (A gi i t7ni q) extends to a semi-abelian 
scheme G'q — > S'q. Then, hq(Lq) = -^/s^- 

Since Lq is very ample, there is an embedding A* ; q > Pq in terms of Lq. Let A*^ m be 
the closure of the image of 

A* p w _> ip^v 

^S,Z,m,Q ^ r Q ^ ' 
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Moreover, let L be the pull-back of O p n(1) by the embedding A*^ m P^. Then, A* ; m (Q = 
A* im x z Spec(Q) and Lq = L\ A * . Let S' be the normalization of A* im in the function 

' g,l,m,Q ^' ' 

field of Sq. Then, there is an open set S' of S' such that G' is an ableian scheme over S' and 
G' x s , S' Q — > Sq coincides with the abelian scheme Uq x Ag j m ^(Ag^Q) — > ^(A^^q) 
over Q. Thus, using Gabber's lemma again, there are a surjective and generically finite 
morphism of normal arithmetic varieties /i2 : Y* — > S" and a semi-abelian scheme G — > F* 
such that G -> F* is an extension of G" x 5 , /i 2 -> h^iS^). We set F^ = F* x z Spec(Q). 
Then, G over Fq is equal to G' Q Fq — > Fq by the uniqueness of semi-abelian extension. 
Thus, if we set / = h ■ h u then f*(L) = \% n /Y * over Fq. 

Finally, since Lq\ a ; q = A®^ A ( ^, if we give Lq a metric arising from the Faltings' 



metric of Xu Q /A ( mQ) then assertion of (4) follows from Lemma ll . 2 . II and [TUl Theorem 3.2 
in Expose I]. □ 

1.8. Arakelov geometry. In this note, a flat and quasi-projective integral scheme over Z 
is called an arithmetic variety. If it is smooth over Q, then it is said to be generically smooth. 

Let X be a generically smooth arithmetic variety. A pair (Z, g) is called an arithmetic 
cycle of codimension p if Z is a cycle of codimension p and g is a current of type (p—l,p — l) 
on X(C). We denote by Z P (X) the set of all arithmetic cycles on X. We set 

CH P (X) = Z p (X)/~, 

where ~ is the arithmetic linear equivalence. 

Let L = (L, || • ||) be a C°°-hermitian line bundle on X. Then, a homomorphism 

ci(l)- : Clf(X) -> CH P+1 (X) 

is define by 

ci(Z) ■ = (div(s) on Z, [- log(||s|||)] +d(E)Ag) , 

where s is a rational section of L\ z and [— log(||s|||)] is a current given by — l°g(ll s lli 
Here we assume that X is projective. Then we can define the arithmetic degree map 

- — - dim X 

deg : CH (X) -> E 

by 

dei ( V n P P, 5 ) = J2 n P log(#(«(P))) + J / <7- 

\p / p 2 -/*(C) 

Thus, if C°°-hermitian line bundles L\, . . . , L^mx are given, then we can get the number 

deg (ci(Li) • • -Ci(L dimX )) , 

which is called the arithmetic intersection number of L±, . . . , Ldimx- 

Let X be a projective arithmetic variety. Note that X is not necessarily generically 
smooth. Let L\ , . . . , L^im x be C°°-hermitian line bundles on X. By we can find a 
generic resolution of singularities ji : Y — > X, i.e., /x : F — > X is a projective and birational 
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morphism such that Y is a generically smooth projective arithmetic variety. Then, we can 
see that the arithmetic intersection number 

deg (ci(//(Li)) • • •c 1 (fj,*(L dimX )j) 

does not depend on the choice of the generic resolution of singularities /i : Y — > X. Thus, 
we denote this number by 

deg (ci(Li) • • -Ci(L dimX )) . 

Let Li, . . .,Li be C°°-hermitian line bundles on a projective arithmetic variety X. Let 
V be an /-dimensional integral closed subscheme on X. Then, deg (ci(Li) • • -Ci(L/) | V) is 
defined by 

deg (ci(L 1 \ v )---c 1 {Li\ v )) . 

Moreover, for an /-dimensional cycle Z = Yli n i^i 011 X, deg (ci(Li) ■ ■ -ci(Li) \ Z^j is defined 

by ^ 

^n^deg (ci(Li) • • -ci(L,) | V t ) . 

i 

1.9. The positivity of (7°°-hermitian Q-line bundles on a projective arithmetic 
variety. Let X be a projective arithmetic variety and L a C°°-hermitian Q-line bundle on 
X. Let us introduce several kinds of the positivity of C°°-hermitian Q-line bundles. 

•ample: We say L is ample if L is ample on X, ci(L) is positive form on X(C), and there 
is a positive number n such that L® n is generated by the set {s e H°(X, L® n ) \ ||s|| SU p < 1}- 

•nef: We say L is ne/if Ci(L) is a semipositive form on X(C) and, for all one-dimensional 
integral closed subschemes Y of X, deg (ci(L) | T) > 0. 

•big: L is said to be &zg if rk^ H°(X, L® m ) = 0(m dimXQ ) and there is a non-zero section 
s of H°(X,L® n ) with ||s|| SU p < 1 for some positive integer n. 

•Q-effective: L is said to be Q-effective if there is a positive integer n and a non-zero 
s e H°(X, L® n ) with ||sj sup < 1. 

•pseudo-effective: L is said to be pseudo-effective if there are (1) a sequence {L n }^ =1 of 
Q-effective C°°-hermitian Q-line bundles, (2) C°°-hermitian Q-line bundles Ei, . . . , E r and 
(3) sequences {ai >n }^ =1 , . . . , {ar,n}^=i of rational numbers such that 

r 

ci(L) = ci(L n ) + ^a ij7l ci(£' i ) 
i=i 

in CH (X)(g>Q and lim^oo a iiH = for all i. If Li®L® 1 is pseudo-effective for C°°-hermitian 
Q-line bundles L 1: L 2 on X, then we denote this by L x fZ L 2 . 

1.10. Polarization of a finitely generated field over Q. Let K be a field of finite type 
over the rational number field Q with d = tr.deg^K). A pair B = (B; Hi, . . . , H^) of 
a normal projective arithmetic variety B and a sequence Hi, . . . , Hd of C°°-hermitian line 
bundles on B is called a polarization if the function field of B (i.e., the local ring at the 
generic point) is K and Hi, . . . , H d are nef. Here deg(-B) is given by 

/ c 1 (Hi)A---Aci(H d ). 

Jb(c) 
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Namely, 

' [K : Q] if d = 0, 

deg((#i) Q • • • (H d ) Q ) on B x z Spec(Q) if d > 0. 



deg(5) 



If i? is generically smooth, then the polarization B is said to be generically smooth. Moreover, 
we say the polarization B = (B; Hi, . . . , Ha) is fine (resp. strictly fine) if there is a generically 
finite morphism 7r : B' — > 5 of normal projective arithmetic varieties, a generically finite 
morphism }/, : B' —> (Pz) d and ample C°°-hermitian Q-line bundles L 1; . . . , on such 
that it* (Hi) <S> ii*(p*(L i )) <s '~ 1 is pseudo-effective (resp. Q-effective) for every «, where pi : 
(P| ) d — > P| is the projection to the i-ih factor. Note that if Hi, . . . ,H d are big, then the 
polarization (B; Hi,..., H d ) is strictly fine. Moreover, if B is fine, then deg(B) > 0. 
Let us see the following proposition. 

Proposition 1.10.1. Let B = (B; H 1 , . . . , H d ) be a strictly fine polarization of K. Then, 
for all h, the number of prime divisors Y on B with 

d^(ci(Hi)---Ci(Hi)\r)<h 

is finite. 

Proof. Let us begin with the following lemma. 

Lemma 1.10.2. Let tt : X' — > X be a generically finite morphism of normal projective 
arithmetic varieties. Let Hi, . . . ,H d be nef C°° -hermitian line bundles on X, where d = 
dirnXq. Then, the following are equivalent: 

(1) For all h, the number of prime divisors T on X with 

d^(ci(Hi)---ci(Hi)\r)<h 

is finite 

(2) For all h! , the number of prime divisors V on X' with 

d^(ci(n*(Hi)) ■ ■ -M^iHi)) | V) < h' 

is finite. 

Proof. Let X be the maximal Zariski open set of X such that X is regular and n is finite 
over X . Then, codim(X \ X ) > 2. We set Xq = 7r _1 (X ) and n = 7r| x ,. Let Div(X) and 
Div(X') be the groups of Weil divisors on X and X' respectively. Then, a homomorphism 
it* : Div(X) — > Div(X') is defined by the compositions of homomorphisms: 

Div(X) -> Div(Xo) Div(X^) -> Div(X'), 

where Div(X) — > Div(X ) is the restriction map and DW(Xq) — > Div(X') is defined by 
taking the Zariski closure of divisors. Note that n :t n i '(D) = deg(rr)D for all D e Div(X). 

First, we assume (1). Note that the number of prime divisors in X' \ Xq is finite, so that 
it is sufficient to show that the number of prime divisors P* on X' with V % X' \ X and 

teg~(ci(n*(Hi)) ■ ■ -Cii^iHi)) | O < ti 
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is finite. By the projection formula, 

d^g(c 1 (7r*(H 1 )) ■ • .ci(7r*Cffi)) I V) = Sg(ci(# x ) ■ ■ -ci(Hi) | 7T*(r')). 

Thus, by (1), the number of (7r*(r')) re d is finite. On the other hand, the number of prime 
divisors in 7r _1 (7r*(r) re d) is finite. Hence we get (2). 

Next, we assume (2). Let T be a prime divisor on X with deg(ci(ifi) • • -ci(ifi) | V) < h. 
Then, 

d^(c 1 (7T*(H 1 )) ■ ■ -M^iHi)) 1 7r*(r)) = deg(7r)dei(c 1 (F 1 ) ■ • ■c 1 {H 1 ) \ V) < deg(7r)/i. 
Thus, by (2), the number of 7r*(r)'s is finite. Therefore, we get (1). □ 

Let us go back to the proof of Proposition 11.10.11 We use the notation in the above 
definition of strict finiteness. By Lemma fl,10.2[ it is sufficient to show that the number of 
prime divisors V on B' with 

d5(ci(7r*(Ei)) • • • Cl(7T*(# d )) \V)<h 

is finite for all h. 

There are Q-effective C°°-hermitian line bundles Q 1 , . . . , Q d on B' with 
for all i. Note that 

d5(^(7r*(^i)) • ■ -M^iHa)) | r') = deg(ci(/i*(pi(La))) • • • ^(//(p^))) \ Y') + 
d 

X)d^(Ai*(p;(Ii))) • • ■c 1 {^ij>U{Li-x))) ■ MQi) ■ ci(^(H i+1 )) ■ ■ ■c 1 {^(H d) ) | r'). 

i=l 

Moreover, since Q { is Q-effective, the number of prime divisors T' with 

d^ciO^ClO)) • • ■c l {^{pU(L i -i))) ■ cM) ■ M«*(H i+ i)) ■ ■ M**(Hd)) I n < 

is finite for every i. Thus, we have 

except finitely many V. On the other hand, by [HI Proposition 4.1], the number of prime 
divisors T" on (P^) d with 

dii(c 1 (pt(Z 1 ))---ci^(I (i ))ir")</ i 

is finite. Thus, we get our proposition. □ 

Remark 1.10.3. Let X be a projective normal arithmetic variety of dimension n. Let 
if i, . . . , H n _2 be nef C°°-hermitian line bundles on X and L a C^-hermitian line bundle on 
X . If L is pseudo-effective, then we can expect the number of prime divisors r on X with 

fogiMHi) ■ ■ ■ ci(#„- 2 ) • ci(I) | r) < o 

to be finite. If it is true, then Proposition 11.10.11 holds under the weaker assumption that 
the polarization is fine. 
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2. Height functions in terms of hermitian line bundles 
with logarithmic singularities 

Let K be a finitely generated field over Q with d = tr. deg Q (X). Let B = (B; Hi, . . . , H d ) 
be a fine polarization of X. Let X be a projective variety over X and L an ample line bundle 
on X. Moreover, let Y be a proper closed subset of X. Let (X, £) be a pair of a projective 
arithmetic variety X and a hermitian line bundle £ on X with the following properties: 

(1) There is a morphism / : X — > I? such that the generic fiber of / is X. 

(2) £ gives rise to L on the generic fiber of /. 

(3) £ is ample with respect to the morphism / : X — > £>. 

(4) Let ^ be a closed set of X such that ^ gives rise to Y on the generic fiber of X — > 5. 
Then the hermitian metric of £ has logarithmic singularities along [V(C). 

For x G X(X) \1"(X), we denote by A x the Zariski closure of the image of Spec(X) — > X — > 
A\ The height of x with respect to £ is defined by 



h z {x) 



deg(c 1 (r(F 1 )| A J---c 1 (r(^)| A J-c 1 (£| A J) 



[X(x) : X] 

Note that since £| A has logarithmic singularities along ^(C) fl A X (C), the number 

^(Mrm\j---^f%H d )\ A j.c 1 (c\ A j) 

is well defined. Then, we have the following proposition. 

Proposition 2.1. (1) Let us fix a positive integer e. Then, there is a constant C such 
that 

#{x G X(X) \ Y(K) | h z {x) < h, [K(x) : X] < e} < C ■ h d+l 
for h > 0. 

(2) T/iere ^5 a constant C such that h T (x) > C for all x G X(X) \ Y{K). 

Proof. We denote by || ■ || the hermitian metric of £. Let Q be an ample C°°-hermitian 
line bundle on B. Then, 

h c®f*(Q® n )( x ^ = h c^ x ) + ndegCc^Q) ■ ci(i?i) • • -ci(if d )). 

Thus, we may assume that £ is ample on X. Moreover, replacing £ by £ <X>n , we may assume 
that Xy <S> £ is generated by global sections, where Xy is the defining ideal sheaf of y. Let 
s\, . . . , s r be generators of H°(X,Xy ® £). We may view s±, . . . ,s r as global sections of 
H°(X,C). Then, y = {x G X \ Si(x) = ■ ■ ■ = s r (x) = 0}. Here we choose a C°°-hermitian 

metric || ■ || of £ such that ||sj||o < 1/e for alH = 1, . . . , r. We denote (£, || • || ) by £ . 
Here we claim 

[K(x) : X]/i z o(x) > - / log (max{|| Sl || }) ^(Hi)) A • • • A Cl (f*(H d )). 
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Indeed, we can find Sj with Sj\ A 7^ 0. Thus, 

[K{x] : K}h z o(x) = teiiMfCHx)) ■ ■ >Mr<F*)) I div(^LJ) 

- [ \og(\\ Sj \\ )c 1 (f*(H 1 ))A---Ac 1 (r(H d )). 
Ja x (c) 

Hence, we get our claim because 

deg(ci(/*(3fi)) • • ■c 1 (f*(H d )) I div( Sj | A )) > and || Si || < max{|| Si || }. 

x i 

Since || • || has logarithmic singularities, if we set g = || ■ ||/|| • ||o, then there is a positive 
constant a, b such that 



I \og(g)\ < a + 6 log (^— log(max{||si || Q })J . 

Moreover, 

\h z {x) - Kj»{x)\ < [K{ ^ : K] jf I log^M/*^)) A ■ ■ ■ A Cl (r(H d )). 
Note that 

/ Cl (f (#0) A • • • A Cx(f*(Hd)) = [K(x] : if] deg(fi), 

■/A a (C) 

where deg(U) = / c x {Hi) A • • • A ci(if d ) as in §§ HTU1 Thus, 

JB(C) 

7°( x )| /" / 

£ <a + b log -log(max{||si|| }) 



'B(C) 

J — [ -<a + b log[-log(max{|| Si ||o})J — 

deg{B) J Ax{c) V • J [K(x) : deg(£) 

On the other hand, 



log (-log(max{||si||o}) 



Cl (/*(#!)) A- ••Ac 1 (r(# d )) 



A,(C) V ^ * J V [K(x):K]deg(B) 

^1 f [ , / J,, 1, 1 , c 1 (r(^ 1 ))A---Ac 1 (r(F,)) ^ 

<log / -log(max{ s< 0}) r „, : ^ , p=r 

\Ja x (c) 1 \K(x) : K] deg(B) J 



Hence, we obtain 



I h-r(x) — h-*o (x) I / h-M (x) 



< a + b log 



deg(5) - \deg(B), 
Note that there is a real number £ such that a + 61og(£) < t/2 for all t > t . Thus, 

hj&{x) < max {deg(5)t , 2/i£-(x)} . 

Therefore, if h > deg(B)t Q /2, then h z (x) < h implies h^o(x) < 2h. Hence, we get the first 
assertion by virtue of |H1 Theorem 6.2.2]. 
Next let us see the second assertion. Since 

INI = #INIo < exp(a)||s i || Q ( — log(max{ || || }) J < exp(a)||s i || (- log(||s;|| )) b 
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and the function £(— log(t)) b is bounded above for < t < 1, there is a constant C such that 
1 1 Sill — C f° r an Thus, if we choose Sj with s*| A 7^ 0, then 

[K(x) : = d5(^L(r(^0) • " -Mr(H d )) I div( Si | A J) 

log(\\s J \\)c l (r(H l ))A---Ac 1 (r(H d )) 



'A X (C) 

> - iog(c) / Cl (r (fo) a • ■ ■ a Cl (r(H d )) 

Ja x (C) 

= -\og(C)deg(B)[K(x):K]. 
Thus, we get (2). □ 

3. Faltings' modular height 

Let K be a finitely generated field extension of Q with d = tr. degQ,(X) and -B = 
(B; Hi, . . . , H d ) a generically smooth polarization of K. Let A be a g-dimensional abelian 
variety over K. Let X(A/K; B) be the Hodge sheaf of A with respect to B (cf. §§ ll.6|) . Note 
that X(A/K; B) is invertible over Bq because Bq is smooth over Q. Let || • ||pai be Faltings' 
metric of X(A/K; B) over B(C). Here we set 

X Fa \A/K;B) = (X(A/K;B),\\ ■ \\ Fal ), 

which is called the metrized Hodge sheaf of A with respect to B. By Lemma fl.3.11 the metric 
of A (A/K; B) is locally integrable. Thus, the Faltings' modular height of A with respect to 
the polarization B is defined by 

h§ al (A) = dei (ci(Hi) ■ ■ -Ci(H d ) ■ C!(A Fal (A/K; B) 

Proposition 3.1. Let tt : X' — > X be a generically finite morphism of normal projective 
generically smooth arithmetic varieties. Let K and K' be the function field of X and X' 
respectively. Let A be an abelian variety over K . Then, there is an effective divisor E on X 
with the following properties: 

(1) 7r,C!(A Fal (A x K Spec{K')/K';X')) = deg{rr)ci(X Fal {A/ K; X)) + (E,0). 

(2) For a scheme S, we denote by S^ 1 ' the set of all codimension one points of S. Then, 

{x G X*- 1 -* I A has semi-abelian reduction at x} C (X \ Supp(£'))'- 1 \ 

Moreover, if A x K Spec(K') has semi-abelian reduction in codimension one, then 

{x G X^ I A has semi-abelian reduction at x} = (X \ Supp(i?))^ 1 ^. 

Proof. (1) Let X be the maximal Zariski open set of X such that X is regular and 7r 
is finite over Xq. Then, codim(X \ X ) > 2. We set Xq = 7r _1 (X ) and 7r = ^\x' - Let 
Div(X) and Div(X') be the groups of Weil divisors on X and X' respectively. Then, a 
homomorphism 7r* : Div(X) — > Div(X') is defined by the compositions of homomorphisms: 

Div(X) -> Div(X ) Div(X^) -> Div(X'), 
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where Div(X) — > Div(X ) is the restriction map and DIv(Xq) — > Div(X') is defined by 
taking the Zariski closure of divisors. Note that 7r*7r*(.D) = deg(ir)D for all .D G Div(X). 

Let Xi (resp. X() be a Zariski open sets of X (resp. X') such that codim(X \ Xi) > 2 
(resp. codim(X' \ X{) > 2) and the Neron model G (resp. G') exists over X\ (resp. X[). 
Clearly we may assume that X\ C Xq and 7r _1 (Xi) C X[. We set X 2 = 7r _1 (Xj.) and 
G 2 = G' Xxj X^. Since G 2 is the Neron model of A Xk Spec(X') over X' 2 , there is a 
homomorphism G x Xl X' 2 —>■ G' 2 over X 2 . Thus, we get a homomorphism 



(3.1.1) 




where e and e' are the zero sections of G and G' respectively. 
Let s be a non-zero rational section of X(A; X). Then, 

Cx(A Fal (A/X;X)) = (div( S ),-log|| S || Fal ). 
Moreover, since n*(s) gives rise to a non-zero rational section of X(A Spec(K'); X 7 ), 

Pol 

Cx(A (A x K Spec(X')/X'; X')) = (div(7r*(s)), -vr*(log 

where 7r*(log ||s||eu) is the pull-back of log ||s||Fai by tt as a function on a dense open set of 
X(C). Let Ti, . . . , T r be all prime divisors in X' \ X 2 . Note that 7r*(r.j) = for all i. Then, 
since (|3.1.1|) is injective, there is an effective divisor E' and integers a±, . . . , a r such that 

r 

div(7T*( S )) = 7T*(div(s)) +E' + J2 a i T i- 

i=l 

Note that E' = ^T, x , lengthy i (Coker(a) x /){x'}, where x"s run over all codimension one 

points of X 2 . Thus, since 7r*(7r*(div(s)), — 7r*(log ||s||Fai)) = deg(7r)(div(s), — log ||s||p a i), we 
have 

7r*Ci(A Fal (^4 x K Spec(X')/X';X')) = deg(vr)c 1 (A Fal (A/X; X)) + ME'),0). 
Therefore, we get (1). 

Next let us see (2). We assume that A has semi-abelian reduction at x. Then, there is a 
open set U such that x G U and G°\ u is semi-abelian. Thus, G°\ u X[/7r _1 ([/) is semi-abelian. 

Hence (^Itt- 1 ^)) * s isomorphic to G \ u x u n~ 1 (U). Thus x G" E rc d- Conversely, we assume 
that A Xk Spec(X') has semi-abelian reduction in codimension one and x G" -E re d- Then, 
there is an open set U C X\ such that x G U and the homomorphism 




is an isomorphism over 7r _1 (t/), that is, so is 7r*e* (Qg/Xi) ~* e '* (^g' 2 /x' 2 ) over 7r _1 (C/). 
Thus, G° Xx 1 X 2 — > (G 2 )° is an isomorphism over Tt~ l (U). Therefore, G° is semi-abelian 
over U. □ 
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Proposition 3.2. Let <fi : A — > A 1 be an isogeny of abelian varieties over K . Then 
teg (c x (H x ) ■ • • c x (H A ) ■ c 1 (X m (A'/K; £)) - d^g (c x (H x ) ■ • • c x (H d ) ■ c 1 (f a \A/K; £)) 

= ~ log(deg(0)) deg(5) - teg (c x (H x ) ■ ■ -c x {H d ) | D+) , 

where is an effective divisor given in §§ 11.61 and teg(B) = / c x (H x ) A • • • A c x (H d ) as 

JB(C) 

in §§ EHI1 

Fal 

Proof. This follows from the fact that A (A'/ K; B) ® (OsiD^), deg(0) | • | can ) is isometric 
to X Fa \A/K;B). □ 

Proposition 3.3. If an abelian variety A over K has semi-abelian reduction in codimension 
one over B. Then, 

teg (c x (H x ) ■ ■■c x (H d ) ■ c x (\ Fa \A/K; £)) = teg (c x (H x ) ■ ■■c x (H d ) ■ c x {\ m (A w / K; £)) , 

where A v is the dual abelian variety of A. 

Proof. Let <fi : A —>■ A y be an isogeny over K in terms of ample line bundle on A. Let 
cf) y : A — > A v be the dual of <fi. Then, by Proposition E21 

2 {teg (ci(]fi) ■ • -c x (H d ) • c x {t & \A y /K- B)) - teg (c x (H x ) ■ ■ ■ c x {H d ) ■ c x (f a \A/K; 5))) 

= log(deg(0)) teg(B) - teg (c x (H x ) ■ ■ -c^Ha) | + D r ) . 

On the other hand, by Lemma fl. 6. 31 1^ ■ X^v = deg(0)(9s. Thus, {Ob^D^ + D^v), \ ■ | can ) is 
isometric to (Ob, deg(0)~ 2 | • | can ). Therefore, we get our proposition. □ 

Let K be a finitely generated field extension of Q with d = tr. degQ(fT) and B = 
(B; H x , . . . , H d ) a polarization of K. Let A be an abelian variety over a finite extension 
field K' of i^. Let m be a positive integer such that m has a decomposition m = m x m2 with 
(m 1? m 2 ) = 1 and m x ,m2 > 3. Let us consider a natural homomorphism 

p(A,m) : Gal(Z/K) -> Aut(A[m](X)) ~ Aut((Z/mZ) 29 ). 

Then, there is a Galois extension m) of K' with Ker p(A, m) = Gal(K / K(A, m)). Note 
that 

Gal(K(A, m) /K') = Gal(K/K)/ Ker p(A, m) ^ Aut((Z/mZ) 29 ). 

Let B" be a generically smooth, normal and projective arithmetic variety with the following 
properties: 

(i) The function field K" of B" is an extension of K(A,m). 

(ii) The natural rational map / : B" — > B induced by K c — > K" is actually a morphism. 
Then, we have the following. 
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Proposition 3.4. (1) The number 
1 



deg (ci(A(A x K , Spec(K")/K";B")-c 1 (f*(H 1 )) ■ ■ ■ Si (/*(#!))) 



[if" : if] 

does not depend on the choice of m and B" , so that we denote it by h^ od (A). 
(2) hl oA {A)<hUA). 

Proof. These are consequences of Proposition 11.5.11 Proposition 13.11 and the projection 
formula. □ 

Proposition 3.5. Let if be a finitely generated extension field ofQ. For abelian varieties A 
and A 1 over K, h§ al {A x K A') = h§ al (A) + h§ al {A'). Moreover, h^ od {A x K A') = hg od (A) + 

Proof. Let A and A' be the Neron models of A and A' over Bo, where Bq is a big open 
set of B. Then, A x b A' is the Neron model of A x^ A' over Bq. Thus, 



c H / \4x So .A'/,b) = c n X A/B ) + c l{A A , /Bo ). 

Hence, we get our lemma. □ 

4. Weak finiteness 

Let us fix positive integers g, I and m such that m has a decomposition m = m\m2 with 
(m 1; m 2 ) = 1 and m 1; m 2 > 3. Let A S) j iTO) q, / : F — ► A* j m , L, n and G — > F be the same as 
in Proposition 11.7.11 

Let if be a finitely generated field extension of Q with d = tr. deg<Q,(if) and let B = 
(B; Hi, . . . , Hd) be a generically smooth polarization of if. 

Let A be a ^-dimensional and /-polarized abelian variety over a finite extension if' of if 
with an m- level structure. Let xa '■ Spec (if ') — > A* j m be the morphism induced by A. 
Moreover, let ?m : Spec (if') — > A* im x z Spec(if) be the morphism induced by x^. Let 
be the closure of the image of in A*j X%B. Let p : A* Jm x z 5 — > A* Jm and 
g : A* j m x% B ^ B be the projections to the first factor and the second factor respectively. 
Here, we set 

= deg(A^ -> B) *** faftfJU ■ ■ MQ*(H d )\ AA ) ■ MP*(L)\ Aj 

which is nothing more than the height of jja G (A* lm x% Spec(if ))(if ) with respect to L 
and B. Then, we have the following proposition. 

Proposition 4.1. There is a constant N(g,l,m) depending only on g,l,m such that 

\h%(A)-nhl od {A)\ < log(N(g,l,m))deg(B). 

for every g- dimensional and l-polarized abelian variety A over if with an m-level structure, 
where 



deg(B)= / c 1 (H 1 )A---c 1 (H d ) 

'B(C) 
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Proof. Let A be a g- dimensional and /-polarized abelian variety over K with an m-level 
structure. Let K' be the minimal finite extension of K such that A, the polarization of A, 
the m-level structure of A are defined over K' . Let xa '■ Spec(K') — > A* t m be the morphism 
induced by A. Moreover, let da '■ Spec(K') — > A*^ m x z B be the induced morphism by x^- 

Let Spec(ii'i) be a closed point of Y ><A* im Spec(K'). Then, we have the following com- 
mutative diagram: 

Y - Spec(Ki) 

/ 

K,i,m - Spec(K') 

Here, two /-polarized abelian varieties A x K i Spec(Ki) and G x Y Spec(i^i) with m-level 
structures gives rise to the same i^i-valued point of A*^ m . Thus, A x K r Spec(i^i) is iso- 
morphic to G Xy Spec^i) over K\ as /-polarized abelian varieties with m-level structures 
because m > 3. The above commutative diagram gives rise to the commutative diagram: 

Y x z B Spec^x) 



f/A 



Spec(K') 



Let B\ be a generic resolution of singularities of the normalization of B in K\. Note that a 
generic resolution of singularities (a resolution of singularities over Q) exists by Hironaka's 
theorem [Hj. Then, we have rational maps B\ ---> Y x% B and B\ — > IS. a such that a 
composition B\ ---> A a — > A* Jm x z B of rational maps is equal to Bi Y x% B — > 
A* m Xg B. Thus, there are a birational morphism B2 — > B\ of projective and generically 
smooth arithmetic varieties, a morphism B2 — > A a and a morphism B 2 ^ Y x% B with the 
following commutative diagram: 



-Bi -< B 2 



B* A, 



■Y x z B 
/xid 



g,l,m 



Then, 



deg (c"i(t*(p*(L))) ■ gj(^g*(gi))) • ■ •c 1 ( t '( g '(ff 1 )))) 
deg(A A -> 5) 

olej (cj(a*( t *(p*(Z)))) • c^a* Wffli)))) ■ ■ ■c 1 (a*(i*(q*(H 1 ))))) 

deg(B 2 5) 

dej (ci(gUf x id)*(p*(Z)))) ■ cxfr'Kffii))) ■ ■ -gi(7*K(^i)))) 

deg(£? 2 -> 5) 
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On the other hand, since f*(L) = A^™ y over Y x% Spec(Q), there is an integer N depending 
only on g, I and m such that 

Nf*(L) C A|; y C (l/N)f*(L) 

on Y. Thus, 

NjT(f x id)*(L) C (X GxzB/YxzB 'f n C (1/N)(3*(f x id)*(L). 

Therefore, 

dei(c 1 ( 7 *(vr 1 *(F 1 )))---c 1 ( 7 *K(^ 1 )))|(iV)) , - 



deg(£ 2 -> B) 



ndei (?i(A G t rB2 / B J) • ^(7*(ti*(^i))) " " •^(t*(ti*(F 1 ))) 

~ deg(S 2 - 1) 

^ dS(c 1 ( 7 *K(gi)))---c 1 ( 7 -K(gi)))|(iV)) B 
" deg(£ 2 B) + k t [A) - 

Note that 

dii(ci(7*(7r!(B 1 ))) ■ ■ ■ c 1 ( 7 *K(B 1 ))) | (AO) = log(iV) deg(£ 2 - B) deg(7J). 

By Proposition 11.5.11 we can see that A x K i Spec(Xi) has semi-abelian reduction in codi- 
mension one over B\. On the other hand, by Proposition 13.11 

Therefore, we get 



— Fal ^ — Fal 

))=cx(A (Ax^Spec^)/^;^)). 



\h%(A)-nhg od (A)\<\og(N)deg(B). 

□ 

Corollary 4.2. Let K be a finitely generated field extension o/Q witt d = tr. deg { j(ii') and 
B = {B; Hi, . . . , i^d) a generically smooth and fine polarization of K. Let us fix a positive 
integer I. Then, we have the following: 

(1) There is a constant C such that C < /i^ od (A) for any l-polarized abelian variety A 
over K . 

(2) Let us fix a positive integer e. Then, there is a constant C such that the number of 
the set 

A is a g-dimensional and l-polarized abelian variety over 
a finite extension K' of K with [K' : K] < e and h^ od (A) < h. 

is less than or equal to C • h d+1 for /i>0. 

Proof. Let us fix a positive number m such that m has a decomposition m = mim 2 with 
(mi,m 2 ) = 1 and mi,m 2 > 3. Then, any /-polarized abelian variety over K has a m-level 
structure. Thus, (1) is a consequence of Proposition 12. II and Proposition 14. II 

Let A be an /-polarized abelian variety over a finite extension K' of K. Let K" be the 
minimal extension of K' such that A[m)(K) C A(K"). Then, [K" : K') < #(Aut(Z/mZ) 29 ). 
Thus, by using Proposition 12. II and Proposition 14. 1| we get (2). □ 
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5. Galois descent 

Let A be a g- dimensional abelian variety over a field k. Let m be a positive integer prime 
to the characteristic of k. Note that an m-level structure a of A over a finite extension k' of 
k is an isomorphism a : (Z/mZ) 2s — > A[m](/c'). If fc' is a finite Galois extension over k, then 
we have a homomorphism 

e(k'/k,A,a) : Gal(fc'/fc) -> Aut((Z/mZ) 2ff ) 

given by e(k'/k, A, a) (a) = or 1 • a a • «, where 

cr A : A x fe Spec(fc') A x fe Spec(A;') 

is the natural morphism arising from a. Note that (er • t)a = &A • Ta- 

Lemma 5.1. Let (A,£) and (A',£') be polarized abelian varieties over a field k. Let m be a 
positive integer prime to the characteristic ofk. Let a and a' be m-level structures of A and 
A' respectively over a finite Galois extension k' of k. Let <p : (A,£) x k Spec(k') — > (A',£') x k 
Spec(k') be an isomorphism as polarized abelian varieties over k! . If m > 3, • a = a' and 
e(k'/k,A,a) = e(k'/k,A',a'), then <p descents to an isomorphism (A,£) — > (A',£') overk. 

Proof. For a G Gal{k' /k), let us consider a morphism 

CT = a A } • (f> • a a '■ A x k Spec(fc') — > A' x k Spec (A;'). 

First of all, CT is a morphism over k! . We claim that <p a ■ a = a'. Indeed, since a' 1 ■ cta® = 
a 1 ' 1 ■ a a 1 • a', we have 

(p a ■ a = o~ A } ■ <f> ■ a ■ a~ l • a a - cm. — a A } ■ a' ■ a' 1 • oa' • o! = a'. 

Thus, (pa preserves the level structures of A x k Spec(k') and A' x k Spec(k'). Hence, since 
m > 3 and <p a ■ _1 preserve the polarization £ of A over k' (hence (<f) a ■ 0~ 1 ) JV = id for 
N ^> 1), by virtue of Serre's theorem, we have CT = 0, that is, 

. aA = a ^ ■ <p 

for all a G Gal(k'/k). Therefore, descents to an isomorphism (A, £) — > (A',£') over k. □ 



Proposition 5.2. Let B be an irreducible normal scheme such that B is of finite type over 
Z. Let K be the local ring at the generic point of B. For a fixed g-dimensional polarized 
abelian variety (C, £c*) over K , we set 

, . (A,£) is a polarized abelian variety over K with (A, £) x K Spec(K) ~ (C, £c) 
' and A has semi-abelian reduction over B in codimension one. 

Then, the number of isomorphism classes in S is finite. 

Proof. For (A, £) G S, let Ba be a big open set of B over which we have a semi-abelian 
extension X A — > -Ba of A. Moreover, let BR(A) be the set of codimension one points x of 
Ba such that the fiber of X A over x is not an abelian variety. 



Claim 5.2.1. For any (A,£), (A',?) G 5, BR(A) = BR(A'). 
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Since A Xk Spec(i^) ~ A' x^ Spec(i^), there is a finite extension K' of K with A x^ 
Spec(-fr') ~ A' Xk Spec(K'). Let 7r : B' — > B be the normalization of B in K' . Then, 
A^a x b a ^~ 1 (Ba) is isomorphic to X A 'X BaI ^~ 1 (Ba') over 7r _1 (l?4n£?A')- Thus, ■k~ 1 (BR(A)) = 
ti^ 1 (BR(A')). Therefore, we get our claim. 

Let us fix a positive integer m > 3 and Aq G 5. We set 

[/ = b\ ( (5 x z Spec(Z/mZ)) U Sing(fi) U (J {x} 

\ xeBR(Ao) 

Then, U is regular and of finite type over Z. The characteristic of the residue field of any 
point of U is prime to m. Moreover, by the above claim, if we set U A = U D Ba for A G S, 
then A4 is an abelian scheme over U a and codim(C/ \ L^i) > 2. 

Claim 5.2.2. There is a finite Galois extension K' of K such that for any (AO G S, all 
m-torsion points of A belong to A(K'). 

For (AO G S, let K A be the finite extension of K obtaining by adding all m-torsion 
points of A to K. Let Va be the normalization of U in K A . Then, it is well-known that V A 
is etale over U A . Moreover, by virtue of the purity of branch loci (cf. SGA 1, Expose X, 
Thereme 3.1), Va is etale over U. Let M be the union of finite extension K' of K such that 
the normalization of U in K' is etale over U. Then, it is easy to see that M is a Galois 
extension of K. Since Ka Q M, we have a continuous homomorphism 

p A : Ga\(M/K) -> Aut(A[m](K)) ~ Aut((Z/mZ) 29 ) 

such that ker(p A ) = Gal(M/ir A ). Since Gal(M/iT) = tti(Z7), by Hermite-Minkowski 
theorem in Chapter VI], we have only finitely many continuous homomorphisms 

p : Gal(M/K) -> Aut((Z/mZ) 29 ). 

Thus, there are only finitely many Galois groups {Gal(M / K A )} Aes- Therefore, {K a }a£S is 
finite CIS db subfield of M. Thus, we get our claim. 

Claim 5.2.3. For any (A, £), G 5, (AO Xff Spec(K') ~ (A',?) x K Spec(K')- 

There is a finite Galois extension K" of X' such that an isomorphism 

: (AO xk Spec(K") - (A,0) X* Spec(K") 

is given over if". Let a be an m-level structure of A over X" and a' = <fi ■ a. Then, 
e(K"/K',A x K Spec(K'),a) = e(K"/K', A' x K Spec(K'), a') = 1 because all m-torsion 
points of A and A' are defined over K' . Thus, Ax^ Spec(iT") — > A' x K Spec (if") descents 
to an isomorphism (AO x^ Spec(iT') — > (A',£') x if Spec(if) by Lemma I3TT1 

Finally, let us see the number of isomorphism classes in S is finite. Let us fix (Aq, £o) G 5 
and an m-level structure cto of Aq over if'. Let 0a : (A,£o) x k Spec(K') — > (AO x ^ 
Spec(if') be an isomorphism over K' . We set a a = 4>a • «o an d 4>a' = 4>A' • 4>~a '■ A x k 
Spec(V') -> A' x^ Spec(if) for (A0>(^0) e 5. Then, = 0^, • 0j4 . Here let us 
consider a map 

7 : 5 -> Hom(Gal(ir/if), Aut((Z/mZ) 29 )) 
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given by 7 (A) = e{K' / K , A, a A ) . By Lemma EHl if j(A) = -y(A'), then (A,g) ~ (A',£') 
over if. Moreover, Hom(Gal(if' /if ), Aut((Z/mZ) 2s )) is a finite set. Therefore, we get our 
proposition. □ 



6. Strong finiteness 
In this section, we give the proof of the main result of this note. 

Theorem 6.1. Let K be a finitely generated field over Q with d = tr. degq(K). Let 
B = (B; H±, . . . , Hd) be a generically smooth and strictly fine polarization of K. Then, 
for any numbers c, the number of isomorphism classes of abelian varieties defined over if 
with h§ al (A) < c is finite. 

Proof. Let us consider the following two sets: 



S (c) 



(A,£) | (A,£) is a principally polarized abelian variety over if with h^ od (A) < 8c j 



<S(c) = | A | A is an abelian variety over if with h§ al (A) < cj 



Then, by Corollary IP1 {(A,£) x Spec(if) \ (A,£) £ S (c)} /~ R is finite. By Zarhin's trick 
(cf. |10| Expose VIII, Proposition 1]), for an abelian variety A over if, (AxA v ) 4 is principally 
polarized. Moreover, 

hl Qd ((AxA^)=8hl od (A). 

by Proposition 13 . 31 and Proposition HOD Thus, if A £ «S(c), then (A x A v ) 4 £ <So(c). Here, the 
number of isomorphism classes of direct factors of (A x A v ) 4 x^ Spec(^) is finite (cf. [10, 
Expose VIII, Proposition 2]). Thus, {A x K Spec(K) | A £ 5(c)}/~^ is finite. In particular, 
there is a constant C such that C < h^ od (A) for all A £ S(c). 

Let if4 be the minimal finite extension of if such that A [12] (If) C A(K^). Then, [K A '■ 
K] < # Aut((Z/12Z) 29 ). Let be a generic resolution of singularities of the normalization 
of 5 in Ka- By Proposition II . 5 . l] A x^Spec(if4) has semi-abelian reduction in codimension 
one over B A . Thus, by Proposition 13. 1\ there is an effective divisor E A on B with 

b,„n .¥ ,„n K(ci(ifi)---ci(# d )|£U) 



^Fal(^) — ^mod(^) 



[if A : if] 

Here /i moc j(^4) > C for all A £ 5(c). Thus, we can find a constant C such that 

dei(c 1 (^ 1 )---c 1 (F rf )| J B A ) <C" 

for all A £ S(c). Therefore, by virtue of Proposition I1.10TT1 there is a reduced effective 
divisor D on B such that, for all A £ S(c), A has semi-abelian reduction in codimension one 
over B \D. Hence, by Proposition 15. 2\ we have our assertion. □ 

Remark 6.2. If the problem in Remark 11.10.31 is true, then Theorem 16. II holds even if the 
polarization B is fine. 
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